In this paper we show the equivalence of the conjectures of Giuga and Agoh in a direct way which leads to a combined conjecture. This conjecture is described by a sum of fractions from which all conditions can be derived easily.
Introduction
The Bernoulli numbers B n are defined by the power series B n (x) z n n! , |z| < 2π .
One has the well-known properties B n (0) = B n , B n (x) = nB n−1 (x), and
Define for positive integers n and m the summation formula of consecutive integer powers by
Theorem 1.1 Let n be a positive integer, then for real x S n (x) = 1 n + 1 (B n+1 (x) − B n+1 ) .
These basic facts can be found in [IR90, Chapter 15 ]. Here we give a general congruence between S n and B n which is valid for arbitrary integers m > 1 and even n. We will prove it later using Stirling numbers of the second kind. Throughout this paper, p will denote a prime.
Theorem 1.2 Let n, m be positive integers with m > 1 and even n, then
The following basic lemma we will need later on. Proof. Since c ≡ c (mod a), there exists k ∈ Z with c = ak + c . Hence
Equivalence of the conjectures
The following conjectures were independently formulated by G. Giuga (ca 1950, see [Giu50] ) and by T. Agoh (ca 1990, see [Ago95] ). In 1993, Agoh established the connection and equivalence of both conjectures.
Conjecture 2.1 (Giuga, 1950 ) Let n be a positive integer with n ≥ 2, then
Conjecture 2.2 (Agoh, 1990) Let n be a positive integer with n ≥ 2, then nB n−1 ≡ −1 (mod n) ⇐⇒ n is prime .
The following theorem implies the equivalence of both conjectures.
Theorem 2.3 Let n be a positive integer with n ≥ 2, then
Proof. Case n = 2 is trivial: S 1 (2) ≡ 2B 1 ≡ 1 (mod 2). For odd n with n ≥ 3, Theorem 1.2 provides
For now, the cases n ≥ 4 with even n remain, then B n−1 = 0. We only have to determine S n−1 (n) (mod n). Since n − 1 is odd, ν n−1 ≡ −(n − ν) n−1 (mod n) for ν = 1, . . . , n/2. Hence, all elements of the sum cancel each other except ν = n/2 in the middle. Using Lemma 1.3 provides
since 4 | n yields n/2 ≡ 0 (mod 2) and n ≡ 2 (mod 4) yields n/2 ≡ 1 (mod 2).
Because both conjectures are equivalent in a simple manner, it will be called, for now, the conjecture of Giuga-Agoh which can be formulated in another way. The congruence (2.1) is valid for odd n and n = 2. Moreover, we have for even n, n ≥ 4
In that case, we have S n−1 (n) ≡ −1 (mod n) and nB n−1 ≡ 0 (mod n). Thereby, we obtain another equivalent conjecture which is described without Bernoulli numbers and summation function S n .
Conjecture 2.4 (Giuga-Agoh) Let n be a positive integer with n ≥ 2, then
Each prime p yields a trivial solution of (G) with n = p. Therefore any nontrivial solution n of (G) must be composite and provides a counterexample of the conjecture of Giuga-Agoh. So far, no counterexample was found.
Conditions and properties
Lemma 3.1 Let n be a nontrivial solution of (G), then
(1) n is composite, odd, and squarefree.
(2) p | n/p − 1 for all prime divisors p of n.
(3) p − 1 | n − 1 and p − 1 | n/p − 1 for all prime divisors p of n.
Proof. All properties will follow by congruence (G). A nontrivial solution n is composite. Let p, q be prime divisors of n, then one also has q|n q−1|n−1 n q ≡ 1 (mod p) .
In case p = q the term n/q ≡ 0 (mod p) vanishes. Hence, only n/p ≡ 1 (mod p) remains with condition p − 1 | n − 1, otherwise the whole sum would vanish. (1), (2): n/p ≡ 1 (mod p) implies p 2 n and p | n/p − 1. Therefore n is squarefree. Moreover n is odd, otherwise p − 1 | n − 1 is only valid for n = 2. (3): p − 1 | n − 1 yields n ≡ 1 (mod p − 1) and n/p ≡ 1/p ≡ 1 (mod p − 1).
Giuga [Giu50] proved properties (1)-(3) and following statements. Regarding properties (2) and (3) separately, one can achieve further conditions and properties. Therefore we have to introduce some definitions of Giuga and Carmichael [Car10] . 
is valid for all (a, m) = 1.
Theorem 3.3 (Carmichael) A Carmichael number m is odd, squarefree and has at least 3 prime factors. Let p, q be prime divisors of m, then the following conditions hold
The first three Carmichael numbers are 561 = 3 · 11 · 17, 1105 = 5 · 13 · 17, and 1729 = 7 · 13 · 19. It was proven in [AGP94] , that infinitely many Carmichael numbers exist.
Definition 3.4 A composite positive integer n is called a Giuga number, if
The previous definition was first given by Giuga. The term Giuga number was introduced in [BW97] and [BBBG96] , where one can also find the definition of a Giuga sequence as its generalization. The first three Giuga numbers are 30 = 2 · 3 · 5, 858 = 2 · 3 · 11 · 13, and 1722 = 2 · 3 · 7 · 41. Only even Giuga numbers have been found yet. Now, properties of Lemma 3.1 show that a counterexample of (G) must be both a Giuga number and a Carmichael number.
Theorem 3.5 Let n be a nontrivial solution of (G), then
(1) n is odd, squarefree, and has at least 9 prime factors.
(2) n is a Giuga number and p | n/p − 1 for all prime divisors p of n.
(3) n is a Carmichael number and p − 1 | n − 1 resp. p − 1 | n/p − 1 for all prime divisors p of n.
Proof. We simply have to extend the results of Lemma 3.1. Divide (G) by n, then
(2): Since n consists at least of two prime factors, the left side above must lie in N.
Without condition p − 1 | n − 1 this yields (3.1) and n must be a Giuga number. (1): Let p ν be the ν-th prime. Then we have 9 ν=2 1/p ν < 1. Since n is odd, n must have at least 9 prime factors. (3): Theorem 3.3 shows that conditions of (3) identify n as a Carmichael number.
A Carmichael number has restrictions on its prime factors p, as seen in Theorem 3.3. For p | n there cannot occur other prime factors q of n with q ≡ 1 (mod p). On the other side, a Giuga number n must satisfy
In 1950, using these two properties Giuga showed that a nontrivial solution n respectively a counterexample of (G) must have more than 360 prime factors which provides n > 10 1000 . Bedocchi [Bed85] 
Bernoulli and Stirling numbers
First, we will introduce the Stirling numbers of the first and second kind, whereas we only need the latter numbers which are connected with Bernoulli numbers. At the end of this section we will prove Theorem 1.2.
Definition 4.1 Define falling factorials by
The Stirling numbers S 1 of the first kind and S 2 of the second kind are defined by
We basically have with ν = 1, 2
We use the notations { } und [ ] like in [GKP94] , extending to
By definition of the binomial coefficients, regarded as polynomials
equations (4.1) now become
Recall the definition of the summation function S n . Now, this function can be directly derived by Stirling numbers of the second kind. Similarly, one can deduce an iterated summation function S n,r summing over S n,r−1 with S n,1 = S n and S n,0 (m) = m n .
Theorem 4.2 Let n be a positive integer, then for real x
Proof. Let m > 1 be a positive integer, then by (4.4) and summarizing binomial coefficients via Pascal's triangle, we obtain
This shows that S n is a polynomial of degree n + 1 which is then also valid for real x and equals the former function S n in Theorem 1.1. Since S n (0) = 0 and
On the other side, by Theorem 1.1 and basic properties of Bernoulli polynomials
Remark 4.3 The shortest proof of the formula of B n is given by p-adic theory. For definitions see Robert [Rob00, Chapter 4/5]. By Volkenborn integral, Mahler series, and Stirling numbers, it immediately follows for any prime p and n ≥ 1
Knowing that for n, k ≥ 1, see [GKP94] ,
one can derive a double sum
which was already given by Worpitzky [Wor83] in 1883.
Lemma 4.4 Let r be a positive integer and p be a prime. Let 0 ≤ ν < p, then
Proof. Case ν = 0 is trivial. Since p ν!
Lemma 4.5 Let n, k be positive integers with even n. Then
Proof. Consider (4.2), (4.3), and (4.5). Cases k = 1, 2 are trivial. It is well-known that
Since (k − 1)! | n k−1 , cases k = 4 and k = p > 2 remain. Let n be even with n ≥ 2. Case k = 4: (4.5) yields n 3 = 3 1 1 n − 3 2 2 n + 3 3 3 n = 3 − 3 · 2 n + 3 n ≡ −1 + (−1) n ≡ 0 (mod 4) . Proof. Since (4.6) is valid for arbitrary m > 1, it is also valid for any prime p with m = p. The congruence then is p-integral pB n ≡ −1 , p − 1 | n 0 , p − 1 n (mod p)
which shows that the denominator of B n must be squarefree and has the form claimed above. Now, take m = denom(B n ) then (4.6) yields, respectively divided by m mB n ≡ − Remark 4.7 Let n be an even integer and B n = U n /V n with (U n , V n ) = 1 and V n > 0, then the last congruence reads
Remark
This article is based on a part of the author's previous diploma thesis [Kel02, Chapter 2/3], where some results are described more generally.
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